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Introduction 

This text takes, with more details and simphfying a proof in section 3, 
the parts of [LafOSj and |Laf09] treating p-adic groups. 

A locally compact group G is said to have Kazhdan's property (T) if there 
exists an idempotent p G C^^^{G) , such that for any unitary representation 
(if, tt) of G, the image of 7r(p) is exactly the space of G-invariant vectors if"^. 
In the articles |Laf08] and |Laf09] of Vincent Lafforgue, a strong property (T) 
is proposed in the sense that the space of representation is allowed to be a 
Banach space of non trivial type, and the representation is not necessarily 
isometric but has a small exponential growth. 

In this text, Banach spaces are always complex Banach spaces with very 
precise norms, which are not equivalent in general. 

Definition 0.1 We say that a class of Banach spaces £ is of type > 1 if the 
following equivalent conditions are satisfied: 

• there exists n eN* and e > such that any Banach space E in S does 
not contain (1 + t)-isometrically, 

• there exists p > 1 (called the type) and T G M+ such that for any E in 
£ , n and xi, Xn G E, we have 

n 1 n 1 

' i=l i=l 

In this definition we should say "uniformly of type > 1" instead of "of 
type > 1". We refer to |Mau03j for a review about the notion of type. We 
simply recall that means endowed with the ii norm and that a Banach 
space contains (1 + e)-isometrically if there exists i : ii ^ E such that 
< 11^(2^)11 ^ (1 + for X G We say that a class £ is stable 

under duality if for any E in £, E* is in We say that a class £ is stable 
under complex conjugation if for any in ^ is in Any class of type > 1 
is included in a class of type > 1 which is stable under duality and complex 
conjugation. 
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Let G be a locally compact group, and dg a left invariant Haar measure, 
which endows Cc{G) with a structure of C-algebra by convolution. We call 
length over G a continuous function i : G ^ M+ satisfying i{g~^) = i{g) and 

iigm) < iigi) + iig2) for ^i, g2 e G. 

If £ is a length over G, and £ is a class of Banach spaces, we note Sg/ the 
class of continuous representations {E, vr) of G in the Banach space E G £ 
such that ||7r((7)|| < e^^^^ for any g E G. By Cf{G) we denote the comple- 
tion of Gc{G) with respect to the norm ||/|| = sup^E,n)e£G.i \\'^if)\\c{E)- If £ 
is stable under duality and complex conjugation, Cf{G) is a Banach alge- 
bra endowed with complex conjugation f{g)egdg i— )■ f{g)egdg and the 
usual involution f ^ f* defined by f^^ f{g)egdg i— fQeg^if{g)dg, since for 
any {E,tt) G Sq/, the conjugate representation {E,g vf ((?)), the contra- 
gredient representation {E*,g i— )■ ^n^g'^)), and the conjugate contragredient 
representation {E*,g ^ ^n{g~^)) also belong to Sgi- 

Definition 0.2 Let G be a locally compact group. We say that G has strong 
Banach property (T) if for any class £ of type > 1, stable under duality and 
complex conjugation, and for any length i over G, there exists sq > 0, such 
that for any C G M+ and any < s < Sq, there exists a real and self-adjoint 
idempotent p in C^^^^^G) such that for any representation {E,tt) G Scc+se, 
the image o/7r(p) is the subspace of E consisting of all G-invariant vectors. 

Remark. In the conditions of the definition, such p is invariant under 

/ fi9)egdg^ / eg-if{g)dg 
Jg Jg 

(which is the composition of the complex conjugation and the usual involu- 
tion), therefore for {E,7i) G £g,g+s£, Ker7r(p) is the orthogonal complement 
of Im*7r(p) = [E*)^ . One deduces immediately that such p is unique and 
that it is a central element of C^^_^^(G'). 

Remark. Let £ be a length over G and £ a class of Banach spaces such 
that Cf{G) has an idempotent p such that for any representation {E,7t) G 
£G,e, the image of 7r(p) is the subspace of E consisting of all G-invariant 
vectors. Suppose that G is not compact and that the class £ is defined by 
a super-property (see the paragraph 2 of |Mau03] for this notion). Then 
the class £ is of type > 1. In fact, for any surjective morphism E ^ F 
in the category £g/ (F being endowed with the quotient norm of that of 
E), E^ — )■ F*^ must be surjective since E'^ and F*^ are the images of the 
idempotent p as the subspaces of E and F. But the morphism L^{G) — )■ 
C, / I— )■ ^Qfdg is surjective and G is not compact, L^{G) does not have 
nonzero G-invariant vector (precisely G acts on L^{G) by the left regular 
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representation). Therefore L}{G) does not belong to the class £. As the 
class £ is defined by a super-property, it is of type > 1. Therefore, whenever 
the group G is not compact, one cannot expect a statement stronger than 
the definition above, if the class £ is defined by a super-property. 
The purpose of this text is to prove the following result. 

Theorem 0.3 Let G he a connected almost F-simple algebraic group over 
a non archimedian local field F. If its Lie algebra Q contains sl^{F), G has 
strong Banach property (T). 

We prove as in |Laf08] that cocompact lattice inherits strong Banach 
property (T). For non cocompact lattice, it is still true if we limit ourselves 
to isometric representations, as in the following definition. 

Definition 0.4 Let G be a locally compact group. We say that G has Banach 
property (T) if for any class £ of type > 1, stable under duality and complex 
conjugation, there exits a real and self-adjoint idempotent p in Cq{G) such 
that for any representation {E,7r) e £0,0, the image ofn{p) consists of exactly 
G -invariant vectors in E. 

Strong Banach property (T) evidently implies Banach property (T). As 
in |Laf08] we show that Banach property (T) is inherited by any lattice. 
We deduce the following statement. 

Corollary 0.5 Let F be a non archimedian local field and G a connected, 
almost F-simple algebraic group over F whose Lie algebra contains sl^lF). 
Let T be a lattice of G{F) and a series of subgroups of finite indices ofV 
such that the indices tends to infinity. We fix a finite system of generators 
ofV. Then the Cayley graph ofT/Tn is a series of expanders which cannot 
be imbedded uniformly into any Banach space of type > 1, more precisely 
for any Banach space E of type > 1 there exists G G M+ such that for any 
n G M and for any 1-Lipschitz function f : F/F^ E of zero average, 

11/(^)111 <c^- 

During a discussion with Uri Bader and inspired by an idea of Bader 
and Gelander formulated in the remark 3.3 of |Gel08] . Vincent Lafforgue 
realized that strong Banach property (T) implies Banach property (F) in the 
following sense. 

Definition 0.6 Let G be a locally compact group. We say that G has Banach 
property (F) if any continuous isometric affine action ofG on a Banach space 
of type > 1 admits a fixed point. 
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We deduce the following corollary, which strengthens remark 1.7(2) of 
jBFGMOT] and some particular cases of theorem B of |BFGM07] and of 
theorem 3.1 of |Gein8] . 

Corollary 0.7 Let F be a non archimedian local field and G a connected, 
almost F -simple algebraic group over F whose Lie algebra contains sl^{F). 
Then G has Banach property (F). 

Here is a list of open problems from |Laf09j . 

a) Show that for any non archimedian local field F, Sp4{F) has strong Banach 
property (T). This implies that any almost simple algebraic group over a non 
archimedian local field, of split rank > 2, has strong Banach property (T). 

b) Prove strong Banach property (T) for almost simple algebraic group over 
an archimedian local field, of split rank > 2, in particular for SL^IW). In fact 
in |Laf08] . a hilbertian variant of strong property (T) for S'L3(]R) is proved. 
With the notations of paragraph 2 of |Laf08] . strong Banach property (T) is 
implied by the following statement: for any class S of type > 1, there exist 
a G M.*^ and C G M+ such that for any e G (—1, 1) and any E & £, we have 

||(To -T,)®1 1^(^2(52,^)) <C|er. 

c) Show that the family of Ramanujan graphs obtained by quotient of an 
arithmetic cocompact subgroup of SL2{M.) by the arithmetic subgroups of 
finite indices does not admit a uniform imbedding in Banach spaces of type 

> 1. This question is difficult since S'L2(M) does not have property (T) and 
the reason for these graphs are expanders is that S'L2(M) has property (r), 
i.e. the trivial representation is isolated among the L"^ {SL 2{M.)/r) with F 
being an arithmetic group. However, we do not know if for S a class of type 

> 1, the trivial representation of SL2(M.) is isolated among L^(S'L2(M)/F, E) 
with F an arithmetic group and E & S. In fact the proof of property (r) uses 
arithmetics. The most elementary proof of the fact that these graphs are 
expanders is the one explained in jDSV03] but it is based on the calculation 
of traces and we do not know how to adapt it to coefficients in Banach spaces 
of type > 1 (or even uniformly convex). 

d) Show that any family of expanders considered above does not admit a 
uniform imbedding into Banach spaces of finite cotype (see paragraph 3 of 
jPisOSj for a discussion on this problem). 

In his article, Lafforgue says he was inspired by discussions with Uri 
Bader, Assaf Naor and Gilles Pisier. 

Acknowledgement. I would like to thank Vincent Lafforgue, for his 
patience in answering my questions concerning his articles and correcting 
my text, and also his recommendation of books and tri-semesters at IHP 
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me. Finally, I would like to thank my tutor, Xiaonan Ma for his advice 
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1 Review of fast Fourier transform 

Here we follow paragraph 1 in |Laf09] . We recall the general setting of fast 
Fourier transform, following some notes of Jean-Frangois Mestre. 

Let G be a finite abelian group. We recall that the Fourier transform 
Tg : (?{G) — > is given by Tcfix) = x{.^)f{.^)- This normalization, 

where Tq is not an isometry, is not customary but more convenient for us in 
the following discussion. 

Let i7 be a subgroup of G. The principle of fast Fourier transform is 
to write Tq as the product of two matrices with blocks and then the blocks 
are essentially the matrices of Th and Tq/h- The idea is to decompose the 
average over x G G into an average over the classes modulo H, and an 
average over G/H. We choose a section a : G/H ^ G oi the projection 
vr : G — 7- G/H, i.e. vr o o" = \dc/H- Therefore Tq = ^2,G,i? ° ^i,g,h, where 
Ti,G,H ■■ i^G) f{{G/H) X H) is given by 



E x{x- cT{x'))f{x) 

x,it(x)=x' 



and T2,G,H : f{{G/H) x H) ^ e\G) is given by 



9 ^ 



x'&G/H \ti 



We see that Ti g,h is block diagonal: the blocks are indexed hj G/H 
and equal to T^. Similarly T2^g,h is block diagonal: the blocks are indexed 
by H and obtained from Tg/h by multiplying the columns of this matrix 
by a complex number of module 1: more precisely the choice of a section 
cr' : if — 7- G of the restriction G — t- if identifies the block of T2^g,h indexed 
by x' ^ with the matrix obtained from Tg/h by multiplying the column 
indexed by x' G G/ii by the unit a' {}('){a{x')). 

Let y4 be a finite matrix, where rows and columns are indexed by finite set 
/ and J, and let i? be a Banach space. We have operator A®1e : i'^{J, E) 
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E), where E) is the space of functions on / with values in E with 
the norm ||/|| = /E and so is i'^{J,E). It is clear that the norm of 

1e does not change if we multiply A by a unit, or we multiply the rows 
or the columns of A by some units. 

We have then for any Banach space E, 

\\Tl,G,H ® '^E\\c{i2(G,E)/'2{{G/H)xH,E)) = 11^-^ ® '^E\\c{e2(H,E),e^{H,E)) 
and \\T2,G,H^^E\\c{e2{(G/H)xH,E),e2{G,E)) = \\'^G/H^^e\\^i^2^g/H,E)/'2(g/H^e))- 

We deduce the following proposition, where we replace the chain of length 
2 of finite abelian groups G H G G with a chain of length n : = Go G 
Gi G ■ ■ ■ G Gn = G. 

Proposition 1.1 for any Banach space E, 

n 



\TG'^^E\\c{ei(G,E),l2{G,E)) ^ n ll^(G,/G,_i) ® 1 



{Gi/Gi-i) ^ -^£;ll£(£2((c./Gi_i),£;)/2((G^757_^)_E))- 
i=l 

The interest of fast Fourier transform in computer science is to reduce 
the time of computations. Take G = Z/2"Z as an example. The number of 
operations for a computation of the image under Tg of a function in i'^{G) is 
2^"-, but the decomposition of Tq into the product of n matrices with blocks 
(of size 2x2), which is associated with the chain = Gq G Gi G ■ ■ ■ G Gn = 
G where Gi = 2"~*Z/2"Z, allows a computation with 0{n2") operations. 



2 Fourier transform and type 

We follow paragraph 2 in |Laf09] . We recall the relationship between type and 
the operation Tg considered in the previous paragraph. First it is evident 
that for any finite abelian group G and for any Banach space E we have 
II^G ® IeII < 1, since in the matrix of Tg the sum of the absolute values of 
coefficients over a row or a column is equal to 1 (the regular norm of Tq, in 
the sense of |Pis08j . is therefore equal to 1). First \\Tg ® 1£1(g)II = 1 because 
the vector {x,y) h- )■ S^^y of i'^{G,i^{G)) is of norm 1 (since the norm £^ is 
defined by an average and the norm by a sum) and its image is also of 
norm 1. Therefore if £ is a class of Banach spaces defined by a super-property 
one cannot expect to have sup^g^- ||Tg Cg) 1|| < 1 unless the class £ is of type 
> 1 . The following proposition is theorem 1 of |Bou82j (note remark 1 at the 
end of |Bou82] l 
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Proposition 2.1 Let S be a class of type > 1. There exists p > 1 and 
M G M+ such that for any compact abelian group G, any Banach space E in 
the class E and any sequence with finite support {x^)^^q of elements in E, 
we have (with dg the Haar measure over G of mass 1 ) 



1/p 



We only use this statement for finite group G. We can suppose p G (1, 2] 
in the statement. By replacing the sum with average, the inequality here 
becomes 



( / II Ex,^{g)\\ldgY' < M(tlG)^^( Ej|a;,|rV^' 



The inequality of Holder shows that for all family {x^)^^q of elements in E 
we have 

( E llx^f) " < ( E \\x^f)K 
\eG / -yeG 

By permuting the role of G and G, we then obtain the following corollary. 

Corollary 2.2 Let S be a class of type > 1. There exists e > and C G M+ 
such that for any finite abelian group G and any Banach space E in the class 
£ , we have 

\\Tg®Ie\\<C{^G)-\ 

Let F be a non archimedian local field, O its ring of integers and tt a 
uniformizer of O. 



The following two corollaries are immediate consequences of corollary l2.2[ 

Corollary 2.3 For any class £ of type > 1, there exists /i G N* and a > 
such that for any E & £, \\TQi^hQ ®1e\\ < 

Corollary 2.4 For any class £ of type > 1, there exists G > and (3 > 
such that for any E E £ and n G N*, \\Tci/n"0 ® l^ll < Ce"'^". 

In the rest of this paragraph we make precise the logic relation between 
the statements of corollaries 12.31 and 12. 4[ It is clear that the statement 



of corollary 12.41 implies that of corollary 12.31 Thanks to the fast Fourier 
transform, and more precisely thanks to proposition II. ![ the statement of 
corollary 12.31 implies that of corollary 12.41 In fact, suppose the statement of 
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corollary 12.31 holds for h. Let n = ah + b with b G {0, h — 1} and a G N. 
We consider the chain of subgroups 

C 7r"^C/7r"C C 7r("-i)''C/7r"C C ■ ■ ■ C tt^C/tt^C C C/tt^C, 

we see thanks to proposition 11.11 that \\To/n'^o ® 1e\\ < (llTo/nho ® 1^11 j • 
The statement of corollary 12.41 follows, by taking /? = f and C = e". 

3 A variant of fast Fourier transform 

This paragraph is an improvement of the proof of lemma 3.2 in paragraph 3 
of [LM] . 

Let G, G be two abelian groups, Z a finite set, and k a bilinear map 
from G X G to the set of unitary operators on i^{Z) whose image consists of 
commuting matrices, i.e. 

k{x + x', y) = k{x, y)K,{x', y), 

k{x, y + y') = k{x, y)K{x, y'), 

k{x,0) = 1^2(^),k(0,?/) = le2^z), 

and 

K{x,y)K{x',y')K{x,yy^K{x',y'y^ = 1, 
for any x, x' G G, y' G G. Define Tq q z as follows: 

f ^ \{y,z)^ E U{x,y)f{x,-)){z)], (2) 

where n{x,y)f{x, ■) is the image by n{x,y) (acting on i{Z)) of f{x, ■). 
Let G and G contain the following subgroups 

= Gq d Gi C G2--- C Gn—l c Gn — G 

= G" c G""^ c 5""^.. c c (5° = G, 

such that for any i = 0,...,n, we have K{x,y) = le2{z), for x G Gi,y G 
G*. Define for any i = 0, ...,n — 1, the map from Gj+i/Gj x G^/G^~^^ to 
the set of unitary operators on ^^(2'), by ^^([xi], = K{xi,yi), for any 
Xi G Gi+i,yi G G', where [■] are the corresponding projections Gj+i — )■ 
Gi+i/Gi,Gi Gi/Gi+i. Define TG.^+l/G,,GVG"+^^ ® replaced 

by Ki. 

For any finite set S", any operator A G £(£^(S')) and any Banach space E, 
we have defined the operator norm ||y4 ® '^E\\c{t'^{z,E)) in paragraph 1. With 
these settings, we have the following variant of fast Fourier transform. 
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Proposition 3.1 With Z, k,,Tq q z (^i^-d the two chains of abelian subgroups 
satisfying the conditions above, for any Banach space E satisfying \\k{x, y) ® 
^E\\c{i'^{z,E)) < 1 for any x & G,y & G, we have the following. 



n-l 



\Tg,G,Z ® < \\TGi+i/Gi,Gi/Gi+'^,Z 



j=0 



(ii) Let I C {0, 1, ...n — 1} he a subset. If for any i E I, Ki is scalar 
valued, i.e. Hi{x,y) = \i{x,y)ldi2(^z), and Aj is a non degenerate (i.e. 
if Xi{x, y) — 1 for any x e Gj+i then y — 0, and if Xi{x, y) — 1 for any 
y & & then x = Q ) bilinear form on Gj+i/Gj x &/&'^^ with values 
of complex numbers of norm 1, then 

\\Tg,G,Z ® ^E\\c{e'^{GxZ,E)/^{GxZ,E)) 



< 



where Tg^^^jg^ '■ i^{Gi+i/Gi) i^{Gi.^i/Gi) is the usual Fourier trans- 
form defined in paragraph 1. 

We prove (i) by induction. Suppose n — 2. We use notations Q <Z H — 
Gi C G,0 C H — Gi C G, and we want to prove 

\\Tg,g,z ® < \\Th,g/h,z ® • \\Tg/h,h,z ® 

First for each of the two projections 

p:G^ G/H 

-K-.G^ G/H, 
we choose a section respectively 

s : G/H G 

a : G/H^G. 
We then define the following two operators, 

To : e{G xZ) ^ e\G/H x G/H x Z) 



{x',y',z)^ E (k{x - s{x'),a{y'))g{x,-)){z) 

x&p (x ) 
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Ti : e{G/H X G/H x Z) ^ 



e{G X z) 



9 



1-^ 



x'aG/H J 



Then we have Ti o Tq = Tq q z, since k\hxh = Id£2(^). 
Recall that Th^g/h,z ^"^^ T^gih,h,z ^'^^ follows 



Th,gih,z ■■ ^'(H xZ) ^ 
9 ^ 
Tg/h,h,z- e{G/HxZ) ^ 
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e{G/H X Z) 
{y',z)^ ^^{Ko{x,y')g{x,-)){z)\^, 
^'^{H X Z) 

x'&G/H J 



As explained in paragraph 1, Ti and T2 are block diagonals and each block 
is identified with Tjj Q/g z and Tq/jj^ z- Precisely, for a fixed x' & G/ H, we 
define the following isometrics 

ocx' •■ P{p-^{x') xZ) ^ e\H X Z) 

g H> [{x,z) ^ g{x + s{x'),z)] 

e^{G/HxZ) e^{G/H xG/H X Z) 

9 ^ [{x", y", z) ^ g{y", z)] . 

By imbedding i'^{p~^{x') x Z) into £'^{G x Z) (as subspace of functions with 
support in p~^{x') x Z), we have 

ToU^(p-Hx')>cz) = (ioTH,G/H,zoa,' e C{f{p'\x') x Z),e{G/H xG/H x Z)). 

Moreover since To{£'^{p-^{x') x Z)) C IP{{x'} x G/H x Z) and a^/ (g) Ie and 
1e are isometries, we have 



||Tb ® '^E\\c{e^(GxZ,E)/\G/HxG/Hy.Z,E)) 

- P^-^„ \\To\£2(p-i{x')xZ) iE\\ca2(p-i(x')xZ,E),e2({x'}xG/HxZ,E)) 
x'EG/H 

^ \\'^H,G/H,Z ® ^E\\c{e'2(HxZ,E),e'2{G/HxZ,E)- 

Similarly for Ti, we &x y' E G /H and define 

: e{HxZ) i'^{T^~\y') X Z) 

9 ^ [{y,z) ^ g{y -a{y'),z)] 



5y> : e{G/H X {y'} x Z) ^ 



e{G/H X Z) 
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{x\z)^[K{s{x"),a{y'))g{x\y'r)){z) 
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We imbed e{G/H x {y'} x Z) into e{G/H xG/HxZ), and then have 

Ti\piG/Hx{y'}.z)=ly'oTG/H,H,zoSy' ^ Cif (G / H X {y'} X Z) , f {7r-\y')x Z)) . 

Since ||7j// (g) l^;! = 1 and (g) < 1 (which follows from the assumption 
\\K{x,y) ® < 1), we conclude that 

\\Ti<»lE\\c{eHG/HxG/HxZ,E),i^GxZ,E)) < II^G/^^,^,2®1sIL(^2(g/^^2,s),^2(5^2,E)) ' 

and then statement (i) is proved when n = 2. 

Now begin the induction. Suppose the proposition holds for n = m > 2. 
By hypothesis we are given the following chains of abelian groups, 

= Go c Gi c G2 c ... c Gm+i, 

= c G"* c G"^-^ c ... c G°. 
We apply the induction hypothesis to the following chains of abelian groups 

= Gi/Gi c G2/G1 c ... c G„+i/Gi, 

= G™+^ c G"' c ... c G\ 

and to the map k' : G,„+i/Gi xG^ ^ U{i'^{Z)) defined by K,'{[x],y) = k{x, y) 
for any x e Gm+i,y G G^, where [•] : G^+i Gm+i/Gi is the projection. 
Then we get 

m 

W^Gm+i/GuG^Z ® Ifill <Yi W^Gi+i/GuQi/Gi+^Z <S) 1e\\- 

i=l 

We apply the proposition in the case when n — 2, which is already proved, 
to 

= Go C Gi C Gm+i, 
= G™+i cG' c G°, 

and get 

\\TGra+i,&,Z ® Ifill < \\TGm.+i/Gi,G\Z ® Ifill " \\Tgi,GO/G\Z ® Ifill- 

Combining this inequality with the previous one, we complete the proof of 
statement (i). 

To prove (ii) we first show that for any i G /, GyG*"'"^ is in bijection with 
Gj+i/Gj. In fact, we define the following map 

A*: &/G'+^ ^ GT^i 



1-^ 
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X ^ Xi{x,y)^' 



The non degeneracy of Xi{-,y) implies injectivity, hence 

\Gi-^-i/Gi\ = > \G''' /G'^~^^\. 

By symmetry of G and G we have \Gi+i/Gi\ < \G'' /G'''^^\, and hence A* is a 
bijection. 

By identifying G^/G^~^^ with Gi^i/Gi, we have 

7^G,+,/G.,GVG'+^z = Tg,^,/g, ®Id,2(^) G CifiG,^,/G, X Z), ^^(GlWG'. x Z)), 
and thus 

II^Gi+i/Gi.GVG'+i.^ ® '^E\\c{i^{Gi+i/GiXZ,E),e^{GyG^+^xZ,E)) 
= \\Tg,+i/G, ^'^E\\^f,2(^G,+i/G,,E)/^GZ^G,,E)y 

which together with statement (i) imphes statement (ii) immediately. □ 
Next we want to prove the following corollary 13.2^ which is the same as 
Lemme 3.2 in |Laf09] . 

Let F be a non archimedian local field, O its ring of integers and tt a 
uniformizer of O. Let £ be a class of Banach spaces, h & N and a > such 
that for all G £^ we have UTo/^h^ (g) < e~". 

Let X ^ iioii degenerate character of O/tt^O, which means that the re- 
striction of X over Ti^^^O/iT^O is non trivial. We recall that as a consequence 
the group morphism 

y ^ (x^ xixy)) 

is an isomorphism. 

For any finite set /, define e\l x O/tt^'O)^ the subspace of e\l x C/tt^C) 
consisting of functions satisfying /(x, t + n^-'^s) = f{x, t)x{s), for x G /, t G 
O/tt'^C, and s G O/n^O. Let Z be any set of representatives of O/tt^'-^O 
in 0/7r"C. Identify x O/vr^O)^ to f{I x Z) by restriction, and for any 
operator A G C{i'^{Ix C/tt^O)^) and any Banach space E, equip A(^1e with 
the norm defined in paragraph one. This norm is independent of the choice 
of Z. In fact, for another set of representatives Z', there exists a map a from 
Z to 0/tt''0 such that Z' = {z + 7r"-'^/i(z)|;z G Z}. And for any i,j e I 
and z,w & Z, the matrix coefficient of A for Si^z+n^-f^aiz) ^j>+7r"-''a(«)) is 
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Corollary 3.2 For any n G N such that n > h, the operator 

satifies ||T ® 1_b|| < e^^^^^^"" for any E E S . 

In fact, let Z be a set of representatives of 0/tt^~^0 in O/tt'^O. Define 
bilinear map k from 0/it"'0 x 0/tt"'0 to the set of unitary operators on 
£2(C/7r"C)^ (and hence f{Z)), by K{x,y){f){t) = f{t + xy), for any G 
O/vr^C, / G £2(C)/7r"C)^. Let n = a/i + r, < r < /i. Apply proposition KT\ 
to Z, K, T, the following chains of finite abelian groups of length a + 1 

C 7r"-'^0/7r"0 C 7r"-2'^0/7r"0 C ... C 7r""'^^0/7r"0 C C/tt^O, 

C 7r"'^0/7r"0 C TT^^-^^'^C/Tr^C C ... C ti^O/tt'^O C C/tt^O, 

and J = {0, 1, a — 1} C {0, 1, a}. Then by corollary 12.31 we complete 
the proof. 

□ 



4 Strong Banach property (T) for SL^ over a 
non archimedian local field 

We follow paragraph 4 in |Laf09] and |Laf08] . 

Let F be a non archimedian local field, O its ring of integers, tt a uni- 
formizer, F the residue field. 

The following theorem implies immediately that SL^lF) has strong Ba- 
nach property (T) in the sense of definition 10.21 

We note G = SLs{F) and K = SLsiO). 

We endow G with the length i defined by 

0\ 

li^ki^-n"^ Ti-^ \ )k') = i + j 
\ 1/ 

for k,k' e K and i, j G N, i - j G 3Z. 

We recall that if i' is a length over G, and is a class of Banach spaces 
stable under duality and complex conjugation, we note Sq/' the class of 
continuous representations {E, vr) of G in a Banach space E of the class S 
such that ||7r(5f) ||£(£;) < We recall that Cf,{G) is the Banach algebra. 
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endowed with complex conjugation and the usual involution, by completion 
of Cc(G) for the norm ||/|| = sup(^_^)g£^^^, \\n{f)\\c{E)- 

Let /i G N*, a > and £^ be a class of Banach spaces stable under duality 
and complex conjugation, such that for any E in S, we have 

\\Ta/^,o®^E\\<e~''. (**) 

Theorem 4.1 Let (5 G [0,;^)- There exists t,C' > such that for any 
C G M+, there exists a real and self-adjoint idempotent element p G C(.j^p^{G) 
such that 

• (i) for any representation {E,n) G Sc,c+i3e, the image of 7t{p) is the 
subspace of E consisting of all G-invariant vectors, 

• (a) there exists a sequence p„ G Cc{G), such that j„ \pn{g)\dg < I, Pn 



has support in {g G G,£{g) < n}, and ||p — Pn||c^, „.{g) — C"e 



/^2C-tn 



C+131 

The rest of this paragraph is devoted to the proof of theorem I4.1[ We fix 
/i, a and £ as above. We note A = {(i, j) G N^, i — j E 3Z}. 

Proposition 4.2 If f3 E [0, ■^). There exists C' > such that the following 
property is satisfied. Let G G M"*" he arbitrary. If{E, it) is in the class £G,c+i3e 
and ^,r7 are two K-invariant vectors of norm 1 in E and E* , and if we put 
'^{9) = {Vj'^{9)0 f^'^ 9 ^ G, then the function c : A — )■ C defined by abuse 

/7r-(*+-') 0\ 

of notation by c{i,j) = c(7r^~ I tv^^ ) tends to a limit Cqo at 
infinity and we have |c(i, j) — Coo| < G'e^'" ^3/1 

Proposition 4.3 Let /3 G [0,^). Let (V, vr) be a non trivial unitary irre- 
ducible representation of K . There exists a constant C" > such that the 
following property is satisfied. Let G G be arbitrary. If {E, it) is in the 
class Sc.c+ise o,nd ^ is a K-invariant vector of norm 1 in E, and t] a K- 
invariant vector of norm 1 in V ® E* , and if we put c{g) = {T],'n'{g)C,) G V 
for g E G, then the function c : A — )■ \^ defined by abuse of notation 
/7r-(*+-') 0\ 

by c{i,j) = c(7r~3~ 1 vr^-' ) tends to at infinity and we have 

\ V 

Propositions 14 . 21 and 14 . 3 1 imply theorem 14.11 It is formally identical to the 
argument in |Laf08] showing that propositions 3.3 and 3.4 imply theorem 3.2 
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(this argument is placed between the statement of propositions 3.4 and 3.6 
in jLa08] l 

We now show that propositions 14.21 and 14.31 imply theorem 14. 1[ Let a > 
and (3 G [0, ;^). Proposition 14.21 allows the construction of an idempotent p 
which thanks to proposition 14.31 is the one in theorem 14.11 

Let C G -R+. For g E G we put Pg = CK^g^K (which is of integral 1 since 

Pg = vo\{K n gKg'^)xKgK = vo\{StahK{gK))xKgK, 

and vol{Stab K{gK)vo\{KgK)) = vo\{K) = 1). Following from proposition 
14. 2[ Pg is a Cauchy sequence in C^j^p^iG) when g tends to infinity, and this 
sequence tends to a certain element p. Since P* = Pg-^, p is self-adjoint. 
Furthermore for any representation {E, tt) in the class Ecc+pti the image of 
7r(p) consists of elements x such that for all g E G, TT{eK)'n'{g)x = x. In 
fact CK^gPgi is equal to Pgkg'dk, thus it follows that ex^gp = p. It is also 
evident that the restriction of 7r(p) on the space of vectors x such that for all 
g E G, 7i{eK)'^{g)x = X is Id, thus p is an idempotent. If n is isometric and 
E is uniformly convex, the following lemma shows that the vectors x such 
that for all g E G, 'K{eK)'^{g)x = x are exactly G-invariant vectors. 

Lemma 4.4 Let it be an isometric representation of G over a uniformly 
convex space E. Let x E E be of norm 1, such that n{eK)'n'{g)x = x for all 
g E G. Then x is G-invariant. 

In fact, denoting f{k) = Tr{k)n{g)x,Wk E K, we have ||/(A;)||£; = 1 since vr 
is isometric, and || Jj^ f{k)dk\\E = \\x\\e = 1 since f : K ^ E is continuous. 
Since E is uniformly convex, f{k) is constant. Thus we have x = Ti{g)x. 

□ 

In general we use proposition 14. 3[ Let {V, p) be a non trivial irreducible 
unitary representation of K. It is of finite dimension since K is compact. 
Let e]^ = Jj^ xv{k)*ekdk, where xv is the character of {V, p) (i.e., Xv{k) = 
Ylf^^ {ei, p{k)ei) for a basis {ei, Cdimy} of V)- Proposition 14.31 implies 
that e^CgCK tends to in C^f7_|_^£ when g tends to infinity in G. It fol- 
lows that e^CgP = in Cg. ,^.,,^^, and that the image of 7r(p) consists of 
exactly G-invariant vectors of H. Finally we put p„ = PgE(„/2)^ with gn = 

/7r-2" 0\ 

tt" 1 7r~" I . We verify easily that t and G' are independent of G. 

\ V 

This completes the proof of theorem 14. 1[ 

□ 

Let G' = {g E GL3{F),detg E ir^j/iirHd). Then G is a subgroup of 
index 3 in G' and is a maximal compact subgroup of G'. Any element of G' 
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0^ 

can be written in the form k | n^^ | k', with unique i, j G N and 

h 

k, k' G K. We endow G' of the length defined by i{k 

i + j, for k,k' E K and i,j G N. 

By inducing the representation of G to G', we see that the propositions 
14.21 and 14.31 follow from the following two propositions. 

Precisely, let {E, tt) be a continuous representation of G, and Ind^ E be 
the space of continuous maps / from G' to E such that f{xg) = T^{g^^)f{x) 
for all G G, X G G', endowed with the norm given by 

11/11 := E 

[£]&G'/G 

where s : G'/G ~ Z/3Z — > G' is a section such that s([e]) = e. By simple 
calculation one verifies that the following map is isometric imbedding from 
TT to Indg ttIg 

i: E ^ IndaE 

if X ^ G 



^ ^ r^i7r(x-i)e if xgg 



and that {r]id = (c*^,^0 for any r] E E* and ^ E E, where e* is the adjoint 
of evaluation at identity e G G' : Ind^ E ^ E. One sees that propositions 
14.21 and 14.31 follow immediately from the following two propositions. 

Proposition 4.5 Let a > and /3 G [0, ^). There exists C > such that 
the following properties are satisfied. Let G G M"*" be arbitrary. If {E, tt) is 
in the class £g',c+i31 and ^ and t] are two K -invariant vectors of norm 1 in 
E and E* , and if we put c{g) = {f],Ti'{g)C,) for g G G' , then the restriction 
to A of the function c : — t- C defined by abuse of notation by c{i,j) = 
^7r-(^+-') 0\ 

7i~^ ) tends to a limit Cqo at infinity and we have \c{i,j) — 
ij 
Cool < G'e2^-(i^-/3)(i+j) for {i,j) G A. 

Remark. By essentially the same method (as explained below) one can 
show that proposition 14.51 still holds for G N^,2 — j G 3Z + 1} and 

{{i,j) G — j G 3Z + 2}, but the limits might be different from Coo- 

Indeed this happens when tt is a non trivial character of G'/G = Z/3Z. 
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Proposition 4.6 Let a > and (5 G [0, and (V, r) a non trivial unitary 
irreducible representation of K. There exists C > such that the following 
properties are satisfied. Let C G M"^ he arbitrary. If {E, vr) is in the class 
^G',c+(3e o-nd ^ is a K-invariant vector of norm 1 in E, and t] a K-invariant 
vector of norm 1 inV ® E* , and if we put c{g) = {rj, TT{g)^) G V for g G G' , 
then the restriction to A of the function c : — > V defined by abuse of 

/7r-(*+^) 0\ 

notation by c{i,j) = c( I n^^ ) tends to at infinity and we 

\ V 

have \\c{i,j)\\v < C"e2^-(37r-/3)(^+i) for (z, j) G A. 



It remains to prove propositions 14.51 and 14.61 We begin by the following 
preliminary lemma. 



Lemma 4.7 Let x : F — t- C* &e a non trivial character. Let h G W,a G 
M!j_,n G N*. Let E be a Banach space such that \\TQiT^hQ ® < e~", and 



{^x,y)x,y&o/7T"0 vcctors of E . Th 



en 



E 

a,beO/n"0 



E 



X{e)i. 



x,ax+b+-K" 



x,y&0/n"0 



In fact, the statement is obvious for n < h. We suppose then n > h. We 
have 



E 

x&0/TT"0,e& 



X{^)^x,ax+b+Tr"-^e ~ / ^ ( ^ , V{^)^x,ax+b+ 

n 



where the sum is taken over characters rj of O/tt^O whose restriction to 
^h-iQ i^hQ _ Q = jr is equal to x- Such a character rj is non degenerate. 
It then suffices to show that for any non degenerate character rj of O/n^O 
and for any vectors {ix,y)x,yi^o/-K"0 in E we have 



E 

a,b<^0/-K"0 



E , V{^)^x,ax+b+-K'^-^f^2 



< e-2(S-i)- E lie 



x,y&0/-K'^0 



This follows immediately from corollary 13.21 by applying it to 

( E V{^)^x,y+n"-hz)x,yeO/n"0- 
zSO/tt'^O 
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□ 

Afterwards we note B the building of PGL^{F). We recall that the 
vertices of B are identified with lattices of F^, up to dilations, and that 
PGL^{F) acts on the left over B. Thus G' acts on the left over B and 
this action is transitive. On the other hand given xq a vertex corresponding 
to lattice in F^, its stabilizer in G' is K — SL^iO), which allows the 
identification of B and G' /K. If M is a lattice associated to a vertex x 
of 5, det(M) = 7r~" dct((9'^) for a certain integer a G Z, whose image in 
'L/?)'L docs not depend on the choice of representatives of x , we say that it 
is the type of x. Given x,y G B there exist unique integers i,j E N such 
that for a certain basis {vi,V2,V3) of generating x as C-module we have 
y = On-'-^Vi + 07i-^V2 + modulo F*. We write (j{x, y) = E N^. 
Then we have a{y,x) = and the type of y is typc(,T)+« — J modulo 

3. Now given x,y E B = G'/K, we have a{x,y) = if and only if 

x-^y i o\k in K\G'/K. 

V 1/ 

We note (ci, 62, 63) the base of F^. Let m, n G N. For x, ?/ G O/ti'^O and 
a, 6 G C/7r™C we note M^^^ and M-^"" the following lattices of F^: 

M^y = e)7r-"(ei + xe2 - ye^) + Oe2 + Oeg and 

^ "t^i^i + ""262 + u^e^ E C>^ -uift + U2a + 7/3 e Tr'"^} 

= C»(ei - 663) + 0(62 - aea) + C»7r"^e3. 

By abuse of notation we have supposed that j/, a, 6 were lifted to be el- 
ements of and the result does not depend on such choices. We note 
still M'^^y and the dilation classes of these lattices, considered as el- 

/ TT"" 0\ 

ements of 5 = G'/K. In G'/K we have = tt'^'x 1 and 





1 ( 



x,y 

-1 




M-r =10 1 \ K. 





















1 





1 is: and 1 





1 













1 








Remark MJ" and M^\y belong to the A'-orbit of | 1 | /sT and | 1 | /sT 

in G'/K, which arc identified with the projective planes P^(0/7r'"0) and 
p2(C)/vr"0). In fact, the points M„;™ for a,b E 0/ti"'0 and M^y for 
G C/tt^O describe the affine planes in these projective planes. 
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The following lemma shows that the relative position of and M^y 

only depends on the scalar product between the vector ei + xe2 — ye^ and 
the linear form uiCi + ^262 + ^363 h-> Uib + U2a + ^3 (we choose these letters 
since it takes the agreeable form {ax + h) — y)- 

Lemma 4.8 Let x,y e O/n'^O and a,b e 0/n"'0. Let i be the largest 
integer of {0, ...,mm(m,n)} such thaty—{ax + b) belongs to 7r*(9/7r™™*^™''"^(9. 
Then a{M-J^, M^y) = {m + n - 2i,t). 

In fact if i < minim, n) we have 



x,y 



Ott "(ei + xe2 — 1/63) + C(e2 — 063) + Cvr *(ei + xe2 — (ax + fe)e3) and 



M. 



a,b 



On' 



(ei + xe2 - ye-i) + C(e2 - ae^) + C(ei + 0:62 - {ax + b)e-i) 



ii i = n (and then m > n) we have 



Otc "(d + xe2 - {ax + 6)63) + 0{e2 - 063) + Oe^ and 



0{ei + xe2 - {ax + 6)63) + 0{e2 - ae^) + On'^cs 
and if i = m (and then n > m) we have 

C7r""(ei + xe2 - ye^) + 0{e2 - 063) + Oe^ and 

C(ei + xe2 - yes) + 0{e2 - 063) + On'^es. 



^,y 



□ 

Now we prove proposition I4.5[ Let m, n G N, with m > n. Let x,y E 
0/7v"0 and a,b e O/tt^'O. We put ^^.^ = 7r(M" )^ G E and r/^.h = 
*7r((M„7)-i)r/ G E*. Then < e^+-^' ||r/„,,|| < e^+-^ and (r^a,?,,^.,,) = 

c{m + n — 2i,i), where i is the largest integer of {0, ...,n} such that y — {ax + b) 
belongs to tt^O/tt'^O. It follows from Cauchy-Schwarz inequality and lemma 
SZlthat 

^ , X{^){Va,b,^x,ax+b+en"-^) 
a,b€0/n^O,x€0/n"0,e€¥ 



< 



E \\ria,b\ 

a,beO/iT"^0 



E 



^ X{^)^x,ax+b+en"-'^ 
xeO/TT'^0,eeF 
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But the left hand side is equal to ^|c(m — n,n) — c{m — n + 2,n — 1)|, 
and then |c(m - n, n) - c(m - n + 2, n - 1)| < qhe-{^-i)a^2C+{m+n)p _ 
We have then, for i, j e N with j > 0, 

|c(i, j) - c{i + 2,i - 1)1 < gV(i-^)"e2^+(^+'^')^. 
By the automorphism 





















1 




1 1 




1 









0^ 









0/ 



' 7r-(^+^) 

TT"^ I to 

1 



7r~* I , we obtain, for i, j e N with i > 0, 



1^ 

c{i,j) - c{i - 1, J + 2)1 < 5'^e-(^-i)"e2^+(2*+^)^. 



With these two steps, we can obtain the limit Coo by first moving from 
to the diagonal, and then along the diagonal to infinity as illustrated 
in the following Weyl chamber 




Precisely for i,j e N, with i > j and i — j & 3Z, we have 

,2i+j 2i + j\, ^ ^ 9r^_u^. . -f2i±i_ 



' 3 ' 3 

and by the inequality of reversing i and j, we have 

\c{i,i)-c{i + l,i + l)\ < 



g3/3^ -i(f-3/3)_ 
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Proposition 14.51 is then proved. □ 
Now we prove proposition l4.6( we recall that by lemma H^ this proposition 

is not necessary if we limit ourselves to isometric actions over uniformly 

convex Banach spaces). 

For x, y,a,b E O, we must calculate the image of 

1 
1 

in K'\G'/K, where K' is the open compact subgroup of K included in the 
kernel of r, then lemma ITS) calculate the image in K\G'/K. For simplicity 
we will only conduct the calculation when m > n and y = ax + b ot y = 
ax + b -\- 7r"~^. The lemma below, which is a variant of lemma W77\ allows us 
to limit ourselves to these cases. The role of the supplementary variable k 
will be explicit later on. 

We know that any non trivial character of F is of the form Xd '■ x ^ x{dx)> 
for d G F*. We write 6o — 6i = E tdXd, for some certain ta G C, and put 

de¥* 

Lemma 4.9 Let n G N* and k G {0, ...,n}. Let E be a Banach space in the 
class E , {ix,y)x,y<^o/-K"0 vcctoTs in E. Then 



E 



2 



In fact, when A; = 0, we write 



IE ^x,ax+b ~ E ^a:,aa;+fe+7r"-l 

: g E E Xd(£^)^x,aa;+6+7r"-l£ 

dGF* xeO/Tr^O.eGF 



then we apply Cauchy-Schwarz inequality and lemma US 

In general, note that if a G 0/t[^0,x G ti^O/tt'^O, the product ax G 
O/tt^O only depends on a modulo tt^~^0. Applying the case when = to 

( ^TT X 1 , TT * y 1 + S ( [6] ) ) Z 1 , ?/ 1 e O / TT " - O 5 

for fixed [b] G 0/t:^0, where s : Ojix^O O/t^^^O is a section of 0/7r"C ^ 
O/ti^O, we then complete the proof. 



22 



2 < 



□ 

Remark. 1) By the same method we can get the same estimate for any 
/ G e\¥) satisfying E /(e) = 0. 

2) Condition f p*| (which imphes £ is of type > 1) is necessary because 
otherwise we take E = (.^{{O jj^^OY) and ^x,y = Sx,y € E, then the inequahty 
of lemma 14.91 becomes 

and it imphes a = 0. 

We fix now A; G N such that r factorizes through SL^{0 /tt^O) and we 
note K' the kernel oi K ^ SL^{0 /■k'^O). We will apply lemma W3\ for this 
value of k. 

Let m, n G N, with m > n. For a,b G O, the class in G'/K' of 
1 

1 depends only on a, 6 modulo tt^^^C For x,y E 

^7r-™6 7r-™a tt-™/ 
0/7r"C and a, 6 G C/vr^+^C we define 

TT-" 0\ 
= I 7r-"a; 1 o \ ^ e E et 
-7r~"?/ 1/ 

/I \ 

r/a,b = (*7r 1 \®l)r]eE*®V. 

Then < e^+"^ ||r7,,,|| < e^+™/^. We have (T^a,;,,^^,,) = c(A^|) G l^, 

where 

/I \ / TT-" 0^ 

Al'l = 1 7r-"x 1 

vr-" 

7r-"a; 1 

^~^{ax + b — y) 7r~'"a vr"" 

/7r-(''+J) 0\ 

Wenotec(i, j) = c vr"-' . We recall that c{kgk') = T{k)c{g) G 

V i; 

\^ for k,k' E K,g E G. U y = ax + b we have 



1 









a; 
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1 0. 



and then 



-TT 



m— n+1 



1 0^ 



b) 



-TT 



m—n+1 



XX 1 I C 

1 0> 

























V 








-TT 



m—n+1 



X X l \ c{m — n,n). 
0, 



If y = ax + 6 + vr" \ we have 



-vr' 



and then 



-TT 



m—n+1 



X X 1 






(m+1) 




r 



j^m-n+1 


1 


0^ 




/^-(m+l) 










X 




M 


























_^m-n+l 


1 












_^m-n+l^ 


X 




c(m — n + 2, 


n-1). 




1 
















We recall that r factorizes through SL^{0/Ti^O). We will apply lemma 
14.91 to fc, then for any x G ti^O /rt^O, we always have 



-TT 



m—n+1 



1 0^ 



-TT 



m—n+1 



X X 1 

0> 




(this is the reason why we introduced the supplementary variable k in lemma 
By applying Cauchy-Schwarz inequality and lemma HSl we obtain 



E 



{{Va,b^ ^x,ax+b) {Va,bi ^x,ax+b+TT"-^)) 



V 



< E \\r]a,b\ 

a,b&0/-K">-+^0 



E ^x,ax+b ^x.ax+b+TT^ 
x<=:-k''0/-k"0 
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According to the preceding calculations, this inequality is rewritten as 

1 c{m—n,n)—T I ^ c(m— n+2,n— 1) 
10 0/ \ 1 0/ 

< v^gV-('^-^)"e2'^+("+")^, and then 

\\c{m-n,n)-c{m~n + 2,n-l)\\v < v/C^g^-('^-i)"e2^+(™+")'^. 
We have then 



||c(0,3'i)-c(2i,2'i)||v< VftsN 


eh 


- l)-ie°- 


h2C+ 


ka. 
h 


-6i( 




(° 
















By the action of automorphism 1 


1 


1 'g-^ 


(; 


1 




OfG', 


u 


















/7r-(^+^) 0\ /7r-(*+J) 0\ 
stabilizes ii', and maps | tt"-' to | 7r~* , and by 

\ 1/ \ 1/ 
applying the preceding the preceding inequality to representations vr o 6* and 
T o 0. we see that 



|c(3«,0) -c(2z,2«)||y < v^g''(e^ - l)-ie"+2C+ir-6i(: 



where c(0, 3z) is invariant under the action of the subgroup Ki of K con- 

/* * 0\ 

sisting of matrices of the form | * * , c(3i, 0) invariant under K2 of 

\0 */ 

/* 0\ 

K consisting of matrices of the form | * * and we have the following 

\0 * */ 

lemma. 

Lemma 4.10 There exists a constant C3 (depending onV) such that for all 
X E V , y E V invariant under Ki, and z E V invariant under K2, we have 
\\x\\v < Csmax{\\x - y\\v, \\x - z\\v)- 

Such subgroups Ki and K2 generate K, we have V^^ fl V^'^ = and the 
lemma follows easily. □ 
By applying the lemma we see that 



\ci2i,2i)\\v < G3v^g'^(et - i)-ie"+2C+^f -6«( 



3h ' 



It then concludes as the end of the proof of proposition 14.61 □ 
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5 Consequences 



5.1 Extension to other groups with strong Banach prop- 
erty (T) 

Let F be a non archimedian local field. The following theorem is theorem 
IU.3I in the introduction. 

Theorem 5.1 Let G be a connected and almost F-simple algebraic group 
over a non archimedian local field F. If q contains sl3{F), G has strong 
Banach property (T). 

The following lemma is well-known. 

Lemma 5.2 Let Gm be the multiplicative group of a field k. Then any al- 
gebraic representation of G on a finite dimensional k-vector space is a finite 
direct sum of characters Xn '■ — ^ '^m defined by x ^-^ x"- ,n E Z. 

In fact, let p : Gm — ?■ GL(y) be an algebraic representation of Gm over a 
finite dimensional A;- vector space V. Then there exist ni,n2 G Z such that 
P(^) = Yln=ni PriX"", whcrc P„ G End(\^). By the multiplicativity condition 
that p{xy) = p{x)p{y) we have PiPj = if i 7^ j and = Pi for any 
i,j e {ni,ni + l,...,n2}. By p(l) = Idy we have YZ=niPn = Idy- Thus 
^ — ©nlni where Vn = Im(P„) and p{x)v = x"'v for any v G V^. □ 

For an algebraic fc-group G over a field k, let Lie(G') denote its Lie algebra, 
G its points in the algebraic closure of k. If G is semisimple and 5* a fc-split 
torus in G, let ^{S, G) denote the root system associated to {S, G). 

The following lemma is proposition 1.1.3.3 (ii) of jMarQl] . 

Lemma 5.3 Let G be a semisimple algebraic F-group, S a maximal F-split 
torus of G contained in a maximal torus T. Let 6 be a proper subset of the 
set of simple roots of $(S', G) with a fixed ordering. Let Vg^(reps. V^') be 
the F -subgroup of G, such that V^^ (reps. Vg~ ) is generated by Ua for any 
root a G ^(T,G) whose restriction to S is a positive root in $(5*, G) which 
is not a positive (reps, negative) linear combination of elements in 9, where 
Ua is the one-parameter root subgroup characterized by the existence of an 
isomorphism from the additive group Ga of the algebraic closure of F to Ua 
such that tea{x)t~^ = ea{a(t)x),t G T, x G Ga- Then there exist S-equivariant 
isomorphisms of F -varieties LieiVg^) — )■ Vg^ and LieiVf) — )■ Vf. 

The following lemma follows from proposition 1.1.5.4 (III) and theorem 
1.2.3.1 (a) of |Mar91j . 
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Lemma 5.4 Let G be a connected, simply connected and almost F-simple 
algebraic group with F-rank > (F -isotropic), and S, 6, Vg^, Vf as in lemma 
15.31 Then G is generated by V^^ U . 

We now begin the proof of theorem 15. 1[ By hypothesis G contain a alge- 
braic subgroup R whose Lie algebra is isomorphic to sl^i^F). Since SL^i^F) is 
simply connected, there exists an F-isogeny / : SL^i^F) R, i.e. a surjective 
homomorphism between algebraic F-groups with finite kernel. 

/x \ 

Let p : F SLs{F) be defined by a; i— j- 1 1 for any x G F, 

\0 x-^J 

and a = I o p(7r), where tt is a uniformizer of F. By lemma \572[ the set of 
eigenvalues of Ad{a) is a subset of vr^ which is not {!}. Let be a maximal 
F-split torus of G containing a. We choose an ordering of $(S', G) such that 
< 1 for any simple root b. Let 9 be the set of simple root b such that 
1 6(a) If = 1, and Vg^, be as in lemma ISTSl 

Let IHIgbe the norm on g, defined by || XljiT^^ ^«^j|lg = ^^^i<i<dimFS l^ilr, 
where {ej}i<j<dimFg is a fixed basis for g. Let i' be a length over G defined 
by i'{g) = ^og \\Ad{g)\\End(g)- Let £^ be a class of Banach spaces stable un- 
der duality, complex conjugation and of type > 1. Let s,t,C,C' G G 
(^sK£+ci^)^Prn ^ Cc{R) Verify the conditions (i) and (ii) of theorem |4. 11 where 
K, G M!^ such that < Let U be an open compact subgroup of G 
and / = ^Jl^^^^ ■ Then for establishing that G has strong Banach property 
(T) it suffices to show that if s is small enough the series p^/ G Cc{G) 
converges in Cf£/^(^(G) to a self adjoint idempotent p' such that for any 
(F, vr) G Scsi'+c, the image of 7r(p') consists of all G-invariant vectors of F. 
First it is clear that the series p„/ is a Cauchy series in Cf^,^^(G) and we 
note p' its limit (we see that p is a multiplier of Cf^,^c{G) and then that 
p' = p/). Let (F, tt) G £g,s£'+c- It is evident that 7r(p') acts by identity over 
any G- invariant vector. It remains to show that for any a; G F, 7r(p')x is 
G- invariant (this will imply that p' = /*p' = /*p/, so that p' is self-adjoint). 
Following lemma [531 it suffices to show that 7r(p')x is Vg^-invariant and Vq~- 
invariant. Show for example that 7r(p')x is V^~-invariant. Let V = Vg' , and 
F : Lie(l^) — )■ as in lemma [3751 We know that 7r(p')x is fixed by R, then 
in particular by a. It suffices to show that for any Y G Lie(K) 

7r(F(r))7r(p> - 7r(p> = 7r(F(r))7r(a")7r(p> - 7r(a")7r(p')x 

= 7r(a")(7r(a-"F(r)a") - l)7r(p')x = 7r(a") (7r(F(Ad(a-")r)) - l)7r(p')a; 
tends to when n G N tends to infinity. 
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Let Lie(y) = 0;^g^Lie(y)^ the decomposition of Lie(F) under the ad- 
joint action of a,Y = YlxeA decomposition of Y, where A C -F denotes 
the set of eigenvalues of Ad{a)\uc(v)- Due to the way 6 is chosen, the eigen- 
vahies of Ad{a)\uc{v) are all of the form 7r~^ . Since U is an open subgroup 
of G, there exists r > such that when Y' E V and ||l^'||Lie(v) < t we have 
E{Y') e U. We put 

m = [riK,^^ logmm{|A|F} + k"^ log(r/ ^ \\Yx\\ue{v))]: 

AeA 

where [■] is the integer part of a real number. When n is big enough such 
that m > 0, we have 

7r{a-){n{E{Ad{a-^)Y)) - l)n{pmf)x 

= f Pm{gM9){AE{Ad{g-'a-^)Y))-l)7r{f)xdg. 
Jr 

When 

e'{g) < nlogmm{|A|i.} + log(r/ ^ ||lA||Lie(y)), 

AeA 

we have 

\\Ad{g-'a-'')Y)\\ue(v) < e''^'^ l'^lF"rA||Lie(v) < r, 

AeA 

and hence 

{7i{E{Ad{g-'a-'^)Y)) - l)7r{f)x = 0. 

We then have 

7T{a^){7T{E{Ad{a-^)Y)) - l)n{pmf)x = 

when n is big enough. 

On the other hand we always have 

Ad{a-^)Y = Yl ^""^^ e ^^A, 
AeA AeA 

where O denotes the ring of integers of F. Hence 

\\n{a''){7iiE{Adia-'')Y)) - l)7r(p' - p^/)a;||E 
< e^+^^»"(l + C")||7r(p' - p^/)x|U, 



28 



where C" = sup^^g^ ll^(-^(XlAeA ^^^^)) ^ ^ depending only on Y. But 

Mp'-PnJ)x\\E<C'e''''^\\n{f)x\\E 

thanks to (ii) of theorem 14.11 (we recall that C and t are the constants of 
theorem 14. ip . In total, when n is big enough 

||7r(a")(7r(E(Ma-")F)) - l)7r((p' - p^/))x|U 

< e^+^^'(")"(l + C")C'e-'"'\\TT{f)x\\E, 

and if 

tlogminAgA{|A|F} 
^ /tf (a) 

it tends to when n tends to infinity. 

□ 

We now show that strong Banach property (T) is inherited by cocompact 
lattices. 

Proposition 5.5 Let G be a locally compact group and T a discrete cocom- 
pact subgroup of G. If G has strong Banach property (T), so does T . 

The existence of F implies that G is unimodular. Let dg be the Haar 
measure of G such that G /T has measure 1. As F is cocompact, there exists 
a positive function / e Gc{G) such that Yl-it^v fid^) — ^ fl' ^ (it 

implies that J^f{g)dg = 1). Let X = Supp(/). Let £ he a length over F 
and i' the length over G defined by i'{g) = max{i{'y), gX fl X7 7^ 0}. Let 
S be any class of Banach spaces stable under complex conjugation, duality 
and of type > 1. Then if p' G Cf,{G) verifies the conditions of definition 10.21 
we construct an idempotent p G Cf (F) verifying the conditions of definition 
IU.2l in the following way. If p' is the limit in C|(G) of p^ G Gc{G), then p is 
the limit in Cf (F) of the series p„ G Cc(F) defined by the following formula: 
Pnil) = JGy<G'Pni9i)f{92l)f{9i92)dgidg2. 

To justify it we remark that for any {E, vr) G Sr/, we can construct 
an induced representation {E', vr') G Sg.£' in the following way : E' is the 
completion of the space of continuous maps s : G ^ E verifying s^g^y) = 
Tr{'y~^)s{g) for the norm ||s|p = Jq fig)\\s{g)\\%dg. Moreover 7r(p„) : E ^ E 
is equal to /3 o 7r'(p^) o a, where a : E ^ E' is defined by a{x) = {g ^ 
Yj-yev fi.9l)T^i.l)x)^ and 13 : E' ^ E is given by /3(s) = f{g)s{g)dg. The 
norms of a and /3 are bounded independently of {E,Tr), and the image of 
a (resp. /3) of a F-invariant (resp. G-invariant) vector is G-invariant (resp. 
F-invariant) and if a; G -E is F-invariant, /3 o a{x) = x. 
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Finally we calculate the involution of p„ as defined in the introduction, 



by the change of variables (?3 = ^(727 ^, then as p' is self-adjoint, so is p. 



For non cocompact lattices, it is better to restrict to isometric represen- 
tations. 

Proposition 5.6 Let G be a locally compact group andV a discrete subgroup 
of G with finite covolume. If G has Banach property (T), so does T. 

We use the notations of the proof of proposition 15. 5[ Let / G L^{G) be 
positive such that ^^^^fidl) ~ ^ ^'^^ almost any g G G {it implies that 
jQf{g)dg = 1). Then if p' G Cq{G) verifies the conditions of definition 
10.21 we can deduce an idempotent p G Gq(T) verifying the conditions in 
definition 10. 2[ If p' is the hmit in Gq{G) of p^ G Cc(G), then p is the 
limit in Cg (F) of p„ G Cq (F) defined by the following formula : Pn(7) = 
/gxg Pni9i)f{g2l)f{gig2)dgidg2. 

To justify it we remark that for any [E, vr) G £r,0; we can construct 
an induced representation {E', tt') G Sg,o in the following way : E' is the 
completion of the space of continuous maps s : G ^ E verifying 3(5^7) = 
7r(7~^)s((7) for the norm = J^^p Moreover 7r(p„) : E —f E 

is equal to /3 o 7r'(p^) o a, where a : E ^ E' i?, defined by a{x) = {g ^ 
T.'yerfi9l)'^il)x), axid (3 : E' ^ E is given by = f{g)s{g)dg. The 
norm of a and (3 are bounded independently of {E,n), and the image of a 
(resp. P) of a F-invariant (resp. G-invariant) vector is G-invariant (resp. 
F-invariant) and if x G -E is F-invariant, /3 o a{x) = x. 

The same calculation at the end of the demonstration of proposition 15.51 
shows that p is self-adjoint. 



5.2 Embedding of expanders 

Let F be a non archimedian local field. Let G be a connected almost F- 
simple algebraic group over F whose Lie algebra contains 5/3 (F). Let F be 
a lattice of G{F). Following corollarv 15.11 and proposition 15.61 F has Banach 
property (T). 





□ 



□ 
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Let (rj)jgN be a series of subgroups of F such that jKr/Fj) tends to infinity 
(we know that such a series exits). We choose a finite symmetric system of 
generators 5 of F. We suppose S"^ flFj = {1} for any i. The system 5" equips 
Xi = F/Fj with a graph structure and we note di its associated metric. As 
F has the usual property (T), Xi forms a family of expanders. 

We say that the series Xi is embedded uniformly in a Banach space E, if 
there exists a function p : N — tends to +oo at infinity and 1-Lipschitz 
maps fi'.Xi^E such that — fi{y)\\E > p{di{x, y)) for any z G N and 

x,y e Xi. 

Theorem 5.7 The series of expanders (Xj, di) does not admit a uniform 
embedding in any Banach space of type > 1 . 

In fact any subseries does not admit such a uniform embedding. We have 
the following more precise result. 

Proposition 5.8 Let E be a Banach space of type > 1. There exists a 
constant C such that for any i G N, and for any map f : Xi E , we have 

E \\f{x)-f{y)r<C E . \\f{x)-f{y)r. 

x,y£Xi x,y neighbors m Xi 

It is well known that proposition 15.81 implies the theorem. If the series 
{Xi, di) admitted a uniform embedding in a Banach space E of type > 1, we 
would have 1-Lipschitz maps fi'.Xi^E and a map p : N — >■ M+ tending to 
+00 such that for any i G N and x,y G Xi, we have 

di{x,y) > \\fi{x) - fi{y)\\ > p{di{x,y)). 

We have E p{di{x,y))'^ tends to +00 when i tends to infinity. In fact, 

for any G N we note Ki{k) the set of elements {x,y) G (Xj)^ such that 
di{x,y) < k, then we have Ki{k) < (tjS')^tl^j. For any big enough X G N, let 
/^AT G N such that a > kj^i implies p{a) > N. Then we have 



E p{d{x,y))'>——M\{m-Ki{kN))>N\l ,. 

x,y€X, (tJXj)^ tJAj 

We see the right handside of the above inequality tends to infinity when i 
tends to infinity. 

However, this contradicts with the inequality in proposition 15.81 since 
E . \\f{x)-f{y)r< E . d,{x,y)' = l. 

x,y neighbors in Xi x,y neighbors in Xi 



31 



□ 



It remains to show proposition 15.81 We note Ei the space of functions 
of Xi into E, endowed with the norm ||/|||;^ = E There exits a 

class of Banach spaces S of type > 1 that contains Ei. In fact any class 
of type > 1 is included in a class of type > 1 stable under direct £^ sum. 
As Ei is an isometric representation of F we have Ei G £^r,o- We recall 
that Cq (r) is the Banach algebra of Cc{T) under the completion with norm 
11/11 = sup(£;^)g£:j_, y ||7r(/)||£(_E)- As r has Banach property (T), there exits an 
idempotent p G Cq^T) such that for any representation {E,it) in the class 
Srfl, the image of 7r(p) consists of exactly F-invariant vectors in E. 

The F-invariant vectors in Ei are exactly the constant functions of Xi in 
E. For any function f & Ei, we have p/ = frif, where trif = E /(x) G -E" is 

the average of /, considered as a constant function over Xi. It is well known 
that 



Hp/ - Pi/IU. = IKp - Pi)(/ - mj)\\E^ <-\\f-mjU^ = -\\f- p/iu^ 
and II/-P/IU, <2||/-pi/|U,. 



We see that there exits a constant Ci (depending only on pi) such that 




1 



1 



IIZ-pi/lll, <Ci 




ll/W-/(l/)ir- 



In fact, For any ■j & S^, 



by triangular inequality we have 



\\f-if\\E.<k{j2\\f-sfu). 



If supp(pi) G 5''' 



we see that 



\\f-Plf\\E.<J2\Pl{l)\kJ2\\f'^f\\E. 



■yer s&s 



\ ' ' / x,y neighbors in Xi 

76r 



□ 
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5.3 Fixed point property for afRne actions 



Corollary 10. 71 of the introduction is a consequence of the following proposition 
and of corollary 15.11 

Proposition 5.9 Let G be a locally compact group. If G has strong Banach 
property (T) in the sense of definition \0.^ then G has Banach property (F) 
in the sense of definition 1 0. (A 

In fact let E be an affine Banach space whose underlying vector Banach 
space Eq is of type > 1 and let p be a continuous action of G on by affine 
isometry. Let xq G -E be a point and IR+ a length defined by £{g) = 

\\p{g){xo) — Xo\\. We put E = Eq Q) C (with the norm of the £^ direct sum) 
and we identify E with the hyperplane Eq x {1} of E such that Xq is sent to 
(0, 1). Let TT be the linear representation of G on such that G preserves the 
hyperplane E^x {1} and acts on it by p, through the previous identification. 
The representation vr is not isometric but we have ||7r(5f)|| < l+i{g). For any 
s > there exists C such that 1 + i{g) < Ce^^^^^ for any g E G. As G has 
strong Banach property (T), and we have a G-equivariant surjection — )■ C 
(where C is endowed with the trivial representation), by the argument in 
the second remark after definition 10. 2[ we see that there exits a G-invariant 
vector in E whose image in C is equal to 1. This means exactly that p has 
a fixed point. 

Remark More generally, if G has strong Banach property (T), for any 
class £ of type > 1 and for any length £ on G there exits s > such that 
for any G G M^, any affine action of G over an affine Banach space whose 
underlying vector Banach space belongs to Ecc+st admits a fixed point. 
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